An exciting new prospect in condensed matter physics is the possibility of realizing fractional quantum Hall (FQH) states in simple lattice models without a large external magnetic field. A fundamental question is whether qualitatively new states can be realized on the lattice as compared with ordinary fractional quantum Hall states. Here we propose new symmetry-enriched topological states, topological nematic states, which are a dramatic consequence of the interplay between the lattice translation symmetry and topological properties of these fractional Chern insulators. When a partially filled flat band has a Chern number N , it can be mapped to an N -layer quantum Hall system. We find that lattice dislocations can act as wormholes connecting the different layers and effectively change the topology of the space. Lattice dislocations become defects with non-trivial quantum dimension, even when the FQH state being realized is by itself Abelian. Our proposal leads to the possibility of realizing the physics of topologically ordered states on high genus surfaces in the lab even though the sample has only the disk geometry.
I. INTRODUCTION
Some of the most important discoveries in condensed matter physics are the integer and fractional quantum Hall (IQH and FQH) states [1] [2] [3] [4] , which provided the first examples of electron fractionalization in more than one dimension and paved the way for our current understanding of topological order [5] [6] [7] . Conventionally realized in two-dimensional electron gases with a strong perpendicular magnetic field, these states exhibit a bulk energy gap and topologically protected chiral edge states. The topological order of the FQH states is characterized by topology-dependent ground state degeneracies 8 and fractionalized quasi-particles 4 , while the quantized Hall conductance is determined by a topological invariant -the Chern number -which for a band insulator (IQH states) can be determined by the momentum-space flux of the Berry's phase gauge field. 9 . Since Chern numbers are generic properties of a band structure, it is natural to expect that quantum Hall states can also be realized in lattice systems without an applied magnetic field 10, 11 , and indeed such "quantum anomalous Hall" (QAH) states may be realizable experimentally 12, 13 . Recently, numerical evidence of fractional QAH (FQAH) states -equivalent to the 1/3 Laughlin state and non-Abelian Pfaffian state -has been found in interacting lattice models with (quasi-)flat bands with Chern number C = 1 [14] [15] [16] [17] [18] [19] [20] [21] . A flat band with C = 1 is similar to a Landau level, where the kinetic energy is quenched and interaction effects are maximized. Recently, a systematic wave function approach was introduced that demonstrates how to associate each FQH state in a Landau level to a counterpart in a generic C = 1 band 22 . While known FQH states can be realized on the lattice (see also [23] [24] [25] [26] ), a fundamental question is whether new states can emerge as well. Here we show that the answer is yes. There are two key reasons that the FQAH system is different: the possibility of a band with C > 1, and the interplay of topological order with lattice symmetries 6, 27, 28 . While each Landau level has C = 1, a single band in a lattice system can in principle carry arbitrarily high Chern number. For example a model with C = 2 quasi-flat bands has been recently proposed 29 . Here we show that there are new topologically ordered states -topological nematic states -in a partially filled band with C > 1. These states carry a nontrivial representation of the translation symmetry and spontaneously break lattice rotation symmetry 30 . By using the Wannier function representation 22 , a band with Chern number C can be mapped to C layers of Landau levels, but the C layers are cyclically permuted under certain lattice translations. This leads to a dramatic interplay of these states with the lattice translation symmetry: a pair of lattice dislocations connecting different layers corresponds to a "wormhole" in the C-layer FQH system. The lattice dislocations effectively change the topology of the space, giving rise to topological degeneracies. Surprisingly, the topological degeneracy associated with dislocations is nontrivial even when the state itself, in the absence of dislocations, is an Abelian topological state [31] [32] [33] [34] . Our result provides a new possibility of realizing exponentially large topological degeneracies without using a "genuine" non-Abelian FQH state, and effectively provides a way to experimentally observe the topology-dependent ground state degeneracies of FQH states.
Wannier function description of Chern insulators
We begin by reviewing the one-dimensional Wannier state description of Chern insulators 22, 35 . For a band insulator with N bands, the Hamiltonian is given by
with h(k) a N × N matrix and the annihilation operator c k an n-component vector. In the current work we will focus on the systems with only one band occupied. Denoting the occupied band by |k , the Berry phase gauge field is a i (k) ≡ −i k| ∂/∂k i |k . The one-dimensional Wannier states are defined by
where 2252 :
a y (0, p y )dp y − ky 0 a y (0, p y )dp y
The phase choice ϕ(k x , k y ) is determined by the condition that the states be maximally localized in the xdirection, which is determined by the eigenvalue equation
, wherex is the x-direction position operator projected to the occupied band 36 . The formalism here can be generalized to a torus with finite L x , L y , in which case the Wilson line integral is replaced by a discrete summation 37 . The Wannier states form a complete basis of the occupied subspace, and each Wannier state is localized in the x direction and a plane-wave in the y direction. The essential property of the Wannier state is that its center of mass position x n (k y ) = W (k y , n)|x |W (k y , n) , which is also the eigenvalue of the projected position operator x, is determined by the Wilson loop
Consequently, the Chern number 9 of the band C 1 = 1 2π dk x dk y (∂ x a y − ∂ y a x ) is equal to the winding number of x n (k y ) when k y goes from 0 to 2π:
In other words the Wannier states satisfy the twisted boundary condition |W (k y + 2π, n) = |W (k y , n + C 1 ) and correspondingly x n (k y + 2π) = x n (k y ) + C 1 . Due to such a twisted boundary condition, the Wannier states for C 1 = 1 can be labeled by one parameter K = k y + 2πn, and the Wannier state basis |W K is in oneto-one correspondence with the Landau level wavefunctions in the Landau gauge in the ordinary quantum Hall problem 22 . For C 1 = 2, we have |W (k y + 2π, n) = |W (k y , n + 2) , so that the Wannier states on even and odd sites are two distinct families, as shown in Fig. 1 (a) . By adiabatic continuation of the momentum k y one can define K is topologically equivalent to the Wannier states of a C 1 = 1 Chern insulator, which is in turn topologically equivalent to a Landau level quantum Hall problem. Therefore the Wannier state representation when C 1 = 2 defines a map from the C 1 = 2 Chern insulator to a bilayer quantum Hall problem, with the Wannier states on the even and odd sites mapped to two layers of Landau levels. In contrast to a typical bilayer quantum Hall system, the two "layers" are now related by a lattice translation. This is the key observation which leads to the topological nematic states that we will propose below.
Multilayer FQH states can exhibit a rich variety of different topological states; recently, a large classification of possibilities was developed and applied to two-component FQH states. 38, 39 The simplest twocomponent generalizations of the Laughlin states are the (mnl) states with the wavefunction
where l B is the magnetic length, z i = x i + iy i are the compex coordinates of the ith particle in one layer, and similarly w i are the complex coordinates for the other layer. These states can be written down for the fractional Chern insulators by simply passing to the occupation number basis, Ψ({n
where n I i is the occupa-tion number of the ith orbital associated with the Ith layer. There are also intrinsically multilayer non-Abelian states 38, 39, 41, 42 . In the current paper we will focus on the (mml) states, where m = l for incompressible states.
II. INTERPLAY WITH LATTICE TRANSLATION SYMMETRY AND DISLOCATIONS
A 2D lattice is invariant under two independent translation operations T x and T y . Their action on the Wannier states defined in Eq. (2) and (6) is
Thus T x exchanges the two sets of Wannier states but T y does not. Now consider the effect of dislocations 53 ; these are characterized by a Burgers vector b, which is defined as the shift of the atom position when a reference point is taken around a dislocation 43 . An x dislocation with b =x is illustrated in Fig. 2 A. Far away from a dislocation, the lattice is locally identical to one without a dislocation, so the dislocation is, as far as the structure of the lattice is concerned, a point defect. Now consider a bilayer (mmn) state realized on the lattice with a dislocation. As is shown in Eq. (8), the two sets of Wannier states are related by translation in x direction. Thus when one goes around an x-dislocation, the two "layers" consisting of Wannier states W 1 K and W 2 K are exchanged. The map defined by the Wannier states, which maps the C 1 = 2 Chern insulator to a bilayer FQH system, maps the Chern insulator on a lattice with a pair of dislocations to a bilayer FQH state defined on a "Riemann surface" with a pair of branch-cuts, as is illustrated in Fig. 2 B. This is the key observation which indicates that the x-dislocations in this system have nontrivial topological properties. By comparison, the y-dislocations do not exchange the two layers and thus do not correspond to a topology change in the effective bilayer description.
III. TOPOLOGICAL DEGENERACY OF DISLOCATIONS
Although the (mml) quantum Hall state considered is Abelian, the x-dislocation carries a nontrivial topological degeneracy.
54 To understand this, start from the simplest case of (mm0) state, which is a direct product of two Laughlin states. For such a state, the Chern insulator on a torus is mapped to two decoupled tori with a Laughlin 1/m state defined on each of them, with total ground state degeneracy of m 2 . When a pair of x-dislocations is introduced, the two tori are connected by the branchcut. If we do a reflection of the top layer according to Illustration that an x-dislocation leads to a branch cut around which the two effective layers are exchanged. (Lower pannel) A reflection of the top layer maps the branch cut between a pair of dislocations into a "worm hole" connecting the two layers. C: A torus with two pairs of x-dislocations is equivalent to two tori connected by two "worm holes", which is a genus 3 surface. This picture illustrates the fact that dislocations carry nontrivial topological degeneracy. the x axis, the branch cut becomes a "worm hole" between the two layers, as is illustrated in Fig. 2 B. Thus the two tori are connected, resulting in a genus 2 surface. For two pairs of dislocations, the two layers are connected by two worm holes and the whole system is topologically equivalent to a single Laughlin 1/m state on a genus 3 surface, as is shown in Fig. 2 C. Thus the ground state degeneracy becomes m 3 . In general, when there are 2n x-dislocations on the lattice, the space is effectively a genus n + 1 surface and the ground state degeneracy for n > 0 is m n+1 . It follows that the average degree of freedom carried by each dislocation-known as the quantum dimension-is d = √ m. Thus we can see that the x-dislocation carries a nontrivial topological degeneracy, in the same way as a non-Abelian topological quasiparticle. The discussion above can be generalized: for the (mml) state, n > 0 pairs of dislocations on a torus leads to the topological degeneracy of |m 2 − l 2 ||m − l| n−1 , so that the quantum dimension of each dislocation is d = |m − l| (recall m = l for incompressible FQH states). For l = 0, the system cannot be mapped to a Laughlin state on high genus surface as the two layers are not decoupled 31 . The topological degeneracy can be computed from the bulk Chern-Simons effective theory 31 . In the following we provide an alternative understanding of the topological degeneracy using the edge states, as it is more rigorous for l = 0, and it helps to provide a clearer understanding of the topological degeneracy.
IV. TOPOLOGICAL DEGENERACY FROM EDGE STATE PICTURE
Here we will study in detail the topological degeneracy in the topological nematic states with dislocations by using an edge state picture. By cutting the FQH state on a compact manifold along a line, one obtains a FQH state with open boundaries and gapless counter-propagating chiral edge states on the boundary. The FQH state before the cut can be obtained by "gluing" the edge states back by introducing inter-edge electron tunneling (Fig.  3A) . The topological degeneracy comes from the fact that there are in general multiple degenerate minima when the electron tunneling becomes relevant 44 . In other words, the topologically degenerate ground states of the bulk topological system correspond to degenerate ground states due to spontaneous symmetry breaking in the edge theory.
The topological degeneracy of the x-dislocations is independent of their location, so to compute the topological degeneracy we may orient the n pairs of x-dislocations along a single line. Next, we cut the system along this line to obtain a gapless CFT along the cut, and then we understand the resulting ground state degeneracy by coupling the two sides of the cut in the appropriate way.
Below, we first review the chiral edge theory of Abelian FQH states and how to understand their torus degeneracy from the point of view of the edge theory. Next, we show how this cut-and-glue procedure can be used to compute the ground state degeneracy in the presence of dislocations for general two-component Abelian states.
The edge theory for an Abelian FQH state described by a generic K-matrix is given by the action 44, 45 
where φ LI denotes left-moving chiral bosons for I = 1, · · · , dim K. Here and below the repeated indices I, J are summed. The field φ LI is a compact boson field with radius R = 1:
Quantizing the theory in momentum space yields
Integrating the above equation gives:
The electric charge density associated with φ LI is given by and the Ith electron operator is described by the vertex operator
Note that normal ordering will be left implicit (ie e iKIJ φLJ ≡: e iKIJ φLJ :). If we consider the FQH state on a cylinder, we will have a left-moving chiral theory on one edge, and a right-moving chiral theory on the other edge. For the right-moving theory, the edge action is
the charge is
and the electron operator is
Now if we bring the edges close together, the electrons can tunnel from one edge to the other. The electron tunneling operators are:
where
is a non-chiral boson. Note that
The tunneling terms gap out the edge and lead to a set of degenerate minima. Assuming that t I < 0, the minima occur when
where p I is an integer. That is, the minima occur when
IJ p J . Note that since φ I ∼ φ I + 2π, the degenerate states can be labelled by an integer vector p, which denotes the eigenvalues of of e iφI :
for
46
For what follows, we specialize to the case where K is a 2 × 2 matrix, K = m l l m . On a torus, there are 
Now suppose we have n pairs of dislocations, such that going around each dislocation exchanges the two layers, as discussed in the text. Each pair of dislocations is separated by a branch cut. Let us align all the dislocations, and denote the regions without a branch cut as A i , and the regions with a branch cut as B i (Fig. 3A) . Now imagine cutting the system along this line, introducing counterpropagating chiral edge states. The gapped system with the dislocations can be understood by introducing different electron tunneling terms in the A and B regions (Fig. 3B) :
Introducing the variables
we rewrite (24) as
We can write the ground state approximately as a tensor product over degrees of freedom in the different regions:
where |a i is a state in the Hilbert space associated with A i , and similarly for B i . The set of ground states is a subspace of the |Det K| 2n states associated with the minima of δL tunn for each region.
If the interaction between different regions are ignored, one would have obtained m 2 − l 2 degenerate states for each region labeled by eigenstates of (φ 1 (x) ± φ 2 (x)) or (φ 1 (x) ±φ 2 (x)) in each region. However, we observe that phases in A and B regions cannot be simultaneously diagonalized. Instead,
Therefore
From these commutation relations we see thatφ 1 +φ 2 can have common eigenstates with φ 1 and φ 2 in the A regions, but the eigenstates of φ 1 and φ 2 are necessarily a superposition of the m − l eigenstates ofφ 1 −φ 2 . From this consideration, we see that we can pick a basis where |Det K| n possible states are associated with the A regions, and the B regions contribute (m + l) n possible states, for a total
possible states. However, there are also 2n − 1 global constraints that must be satisfied. The charge at each dislocation should be a definite quantity, which, without loss of generality, we set to 0. This is because states at the dislocation which carry different charge cannot be topologically degenerate, since charge is a local observable. These constraints are expressed as
where α 2i−1 and α 2i are the mid points of region A i and ∈ B i , respectively, so that the integration region includes the i-th dislocation (Fig. 3B) . By definition i Q i = 0 so that the number of independent constraints (for n > 0) is 2n−1. Each constraint reduces the number of states by a factor of m + l since only the sector of φ 1 + φ 2 is involved. Therefore the topological degeneracy in the presence of n > 0 pairs of dislocations is
V. MORE GENERIC TOPOLOGICAL NEMATIC STATES AND EFFECTIVE TOPOLOGICAL FIELD THEORY
As shown above, the topological degeneracy is only associated with the x-dislocations and not to y-dislocations. Such states apparently break rotation symmetry but preserve translation symmetry, which is why we name them topological nematic states. The reason for the disparity is that the FQH states are constructed using Wannier states W 1,2 K localized in the x-direction. If we instead define the mapping from the lattice system to the bilayer FQH system using Wannier states localized in the y-direction, the resulting state will have topological degeneracy associated with y-dislocations. These two different types of topological states can be related by redefining the Brillouin zone. More generally, we can choose the reciprocal lattice vectors to be e 1 = (p, q) and e 2 = (p ′ , q ′ ) with To describe the topological nematic states better, we have developed an effective field theory that naturally incorporates the interplay between topological properties and the lattice dislocations in this system. Note that a dislocation in a two-dimensional crystal is a defect with long range interaction, similar to superfluid vortices. Thus the effective field theory is different from the topological field theory studied in Ref.
31 which describes the phase with finite energy twist defects. The proper effective field theory should satisfy the following conditions:
1. The theory describes the dynamics of the crystal, which is characterized by the displacement field u = (u x , u y ). In a 2d crystal the translation symmetry R × R is broken to Z × Z, so that the order parameter u is periodic u x ∼ u x + 1, u y ∼ u y + 1. Therefore u ∈ U (1) × U (1).
2. The theory should reduce to a U (1) × U (1) ChernSimons theory in the absence of dislocations.
3. When dislocations are present, the two U (1) gauge groups should be exchanged when we take a reference point around a dislocation point.
A natural effective theory satisfying the conditions above can be constructed by using a U (2) gauge field a µ coupled to a Higgs field H of the form H = σ · ne iθ(u) , with σ are the three Pauli matrices, n a real unit vector, and
is a phase factor determined by the displacement field u . Here e 1 is the reciprocal vector defining the Wannier states as is illustrated in Fig. 4 and earlier in this section. H is a traceless, unitary 2 × 2 matrix in the adjoint representation of U (2), which transforms under a gauge transformation H → g −1 Hg, with g a U (2) matrix. n transforms as a vector under the SU (2) subgroup of the U (2) and e iθ is gauge-invariant. The effective Lagrangian has the following form:
where the covariant derivative is
The first term is the standard elasticity theory of the crystal. The Chern-Simons fields describe the topological degrees of freedom of the electrons, which is coupled with the crystal through the Higgs field H. We first consider a system without dislocation. For example for u = 0 one can choose a constant Higgs field H = σ z , which gives mass to two of the four components of the U (2) gauge field a. The part of a µ that remains massless is:
µ , the CS term for a u and a d reduces to
which correctly recovers the U (1)×U (1) CS theory of the (mml) state 6, 47 , with u and d labeling the two layers. Now we consider the effect of dislocations. Around a dislocation with Burgers vector b, θ changes by πe 1 · b.
Therefore if e 1 · b = 1 mod 2, e iθ has a half winding around the dislocation. This is allowed if and only if n also has a half-winding, compensating for the minus sign from the shift of θ. Such a topological defect is similar to the half vortex in a spinful (p + ip) superconductor.
48 Different from the p + ip superconductor in which the SU (2) charge is global and the U (1) charge is coupled to the electromagnetic gauge field, in the current case the SU (2) charge carried by the vector n is gauged and the U (1) charge remains global. Mathematically, the space of the order parameter described by H is S 2 × U (1)/Z 2 ; the Z 2 corresponds to identifying e iθ n with e i(θ+π) (−n). This has a nontrivial fundamental group: π 1 S 2 × U (1)/Z 2 = Z 2 , allowing topologically non-trivial point defects. The invariant subgroup of U (2) preserving the Higgs field is U (1)× U (1), defined by the rotations g = e i(α+iφn·σ)/2 . When we adiabatically take a point around a dislocation, the vector n(r) is adiabatically rotated to −n(r), such that the two U (1)'s in the invariant subgroup are exchanged. Thus the effective theory (34) reproduces the fact that the two U (1) gauge fields, describing the two layers, in the U (1)×U (1) ChernSimons theory are exchanged when a reference point is taken around a dislocation. By construction, this theory also correctly describes the fact that only dislocations with e 1 · b odd have topological degeneracy. Due to the gapless Goldstone modes described by displacement field u, the dislocations have logarithmic interaction.
VI. EVEN/ODD EFFECT AND DETECTION IN NUMERICS
Even in the absence of dislocations, the topological nematic states exhibit unique topological characteristics that can aid in their detection in numerical simulations. To see this, below we will focus on the (mml) topological nematic states of type (1, 0), defined on a lattice with periodic boundary conditions. Let us first consider the situation shown in Fig. 5 (a) , where we suppose that along an entire line parallel to the x-direction, the hoppings have been twisted. We also suppose that the number of sites in the x-direction is even. Conceptually, we can imagine constructing this by taking a pair of dislocations, moving one of them around the x-direction of the torus, and re-annihilating them. As we explain below, this change in the geometry effectively changes the topology, as in the case with dislocations. To see this, consider the (mm0) states, which can be viewed as a direct product of two Laughlin 1/m states. For a regular lattice with periodic boundary conditions, the low energy theory can be mapped onto two decoupled tori, each giving a degeneracy of m, for a total topological ground state degeneracy of m 2 . However, the twisted hopping has the effect of gluing the two tori together into a single torus, and so we expect that the ground state degeneracy is actually m. We can further see this in an alternative way by using the edge theory picture as presented earlier. By introducing twisted couplings into the edge theory, we introduce the tunneling terms
with K = m l l m andφ J defined in Eq. (25) . Naively, this would give |DetK| different states labeled by the eigenstates of e i(φ1±φ2) = e ip±/(m±l) , similar to the discussion in Sec. IV. However, we observe that there is a gauge symmetry associated with the independent fermion number conservation within each layer, which is associated with the shift symmetry
where θ 1 and θ 2 are independent. In the absence of tunneling between the different layers, this fermion number conservation is clearly present. Since the (mml) state is gapped, tunneling between the different layers is an irrelevant perturbation. Therefore even in the presence of tunneling between the different layers, we may regard the fermion number conservation symmetry within each layer as an emergent symmetry of the topological state. We conclude that, of the |(m + l)(m − l)| degenerate minima of δS twisted , the ones associated with the same eigenvalue of e iφ1+iφ2 and different eigenvalues of e iφ1−iφ2 are gauge equivalent to each other. Therefore, we conclude that the topological degeneracy of such a twisted lattice is |m + l|. In contrast, in the case of the non-twisted hoppings the gauge symmetry acts in a trivial way on all the states and therefore does not affect the topological degeneracy |DetK|.
Alternatively, consider a regular lattice, but with an odd number of sites along the x-direction, as shown in Fig. 5 (b) . In this case, there will be a line at some point in x where Wannier functions associated with different layers are adjacent. Cutting the system along this vertical line, we obtain gapless edge states, and we observe that in gluing the system back together, we again have twisted hoppings along the entire vertical line. Following the same argument as the last paragraph, in this case the ground state degeneracy is |m + l|. This leads to a remarkable signature of the topological nematic states. For a regular lattice, when the number of sites in the xdirection is even, the topological degeneracy is |m 2 − l 2 |. When it is odd, the topological degeneracy is |m + l|. These topological degeneracies are independent of the length in the y-direction. Such an even-odd effect can easily be used as a numerical diagnostic to test for such topological nematic states.
VII. DOMAIN WALLS AND TRANSLATION SYMMETRY-PROTECTED GAPLESS MODES
If the strongly interacting Hamiltonian that realizes the topological nematic states has a discrete lattice rotation symmetry, then the topological nematic states associated with the class (1,0) or (0,1) (see Section V) spontaneously break this discrete rotation symmetry. In such a situation, a physically realistic system can be expected to consist of domains involving different orientations. At the domain walls, it is possible that translation symmetry is preserved along the domain wall. As we show below, the translation symmetry along the domain wall can protect a single bosonic channel from being gapped out.
For concreteness, consider a domain wall between a (0, 1) and a (1, 0) topological nematic state, as shown in Fig. 6 . Before coupling the two domains together, each one has two branches of chiral gapless edge states: φ Li and φ Ri , for i = 1, 2, where L/R stand for the left/rightmovers. Naively, these counterpropagating modes will be gapped out by inter-edge tunneling. However, they have different properties under translation symmetry. In particular, under a translation along the domain wall,
We see that for the translation symmetry along the domain wall to be preserved, the only allowed inter-edge tunneling terms must involve the symmetric combination cos (φ L1 + φ L2 + φ R1 + φ R2 ). Therefore, either translation symmetry is preserved and the mode associated with the relative combination φ 1L +φ 1R −φ 2L −φ 2R is gapless, or translation symmetry is spontaneously broken along the domain wall. This provides a novel example of translation symmetry protected gapless edge states.
VIII. DISCUSSION AND CONCLUSIONS
This realization that lattice dislocations carry nontrivial topological degeneracy raises a host of possible new directions. Conceptually, we are now in need of a more general theory of topological degeneracy of dislocations and their possible braiding properties in general FQH states, both in bands with higher Chern numbers and in non-Abelian FQH states. For example, for a Chern insulator with Chern number C 1 = N , the same construction maps the lattice system to a N -layer FQH state. Dislocations are "branch cuts" with degree N in such a system, around which the N layers are cyclically permuted. It would also be important to verify our predictions through numerical studies. The evenodd effect discussed in Sec. (VI) is expected to generalize to a mod N behavior in the topological degeneracy for C 1 = N .
Note that while the dislocations studied here have nonAbelian properties, they are confined excitations of the system because the energy cost of separating dislocations grows logarithmically with their distance. Nevertheless, physical materials can easily have many lattice dislocations, and if FQH states are realized in a material with higher Chern bands, we expect that the lattice dislocations, in the limit of low dislocation density, can induce an extensive topologically stable entropy for temperatures T ∆e −l/ξ , where ξ ∝ 1/∆ is the correlation length of the gapped FQH state, ∆ is the energy gap, and l is the typical spacing between dislocations.
A further interesting, exotic possibility is to imagine quantum melting the lattice to deconfine these dislocations. The resulting states, if realizable, are "topological liquid crystals" and may correspond to the non-Abelian orbifold states proposed in 49 and that are described by U (1) × U (1) ⋊ Z 2 CS theory. 31 nier states of different ky. 53 Several other topological effects induced by lattice dislocations have been studied in other topological states.
50,51
54 A related situation has been studied in two-component Abelian quantum Hall states 31 where Z2 twist defects that have the effect of exchanging QH layers were found to be non-abelian quasi-particles. Subsequently, Z2 twist defects arising from dislocations in the toric code model was studied in 32 , where it was also found that they are non-Abelian anyons. The current work is the first proposal where the Z2 twist defect can be realized by a real lattice dislocation in a realistic electronic system.
